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The technique of inverse Mellin transform for processes occurring in a
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Hsinchu 300, Taiwan
We develop the technique of inverse Mellin transform for processes occurring in a background magnetic field.
We show by analyticity that the energy (momentum) derivatives of a field theory amplitude at the zero energy
(momentum) is equal to the Mellin transform of the absorptive part of the amplitude. By inverting the transform,
the absorptive part of the amplitude can be easily calculated. We apply this technique to calculate the photon
polarization function in a background magnetic field.
1. INTRODUCTION
The analytic properties of scattering ampli-
tudes in quantum field theories are well known.
They are described by the so called cutting
rules[1,2]. With the cutting rules, the absorptive
part of a scattering amplitude can be calculated,
while the dispersive part of the amplitude is ob-
tained from the former by the Kramers-Kronig
relation. The above procedures can be easily im-
plemented for any quantum field theory with a
trivial vacuum. For such a vacuum, the energy-
momentum relation of an asymptotic state is sim-
ply E2 = p2+m2 with m the mass of the asymp-
totic state. On the other hand, for processes
occurring in a background magnetic field, the
energy-momentum relations of asymptotic states
receive corrections from the magnetic-field effects.
For instance, the energy-momentum relation of
an electron (positron) in the background mag-
netic field is given by
E2n,sz = m
2
e + p
2
z + eB (2n+ 1 + 2sz) , (1)
where the background magnetic field is taken to
be along the +z direction, sz is the electron spin
projection, and n labels the Landau levels. Due to
the above energy quantization caused by a back-
ground magnetic field, one expects the absorptive
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part of a physical amplitude contains an infinite
number of contributions distinguished by their
corresponding Landau levels. Hence the calcu-
lation of the absorptive part is becoming rather
involved, and certainly the calculation of the dis-
persive part is even more intricate.
In this talk, we present a new approach for com-
puting the absorptive part of a physical ampli-
tude in the background magnetic field. The idea
is based upon the analyticity. For illustration,
we take the one-loop photon polarization function
as an example, with a background magnetic field
along the +z direction. Since the energy of the
internal electron in the photon polarization func-
tion is given by Eq. (1), the value of the photon
longitudinal momentum q2‖ ≡ q
2
0 − q
2
z determines
the threshold for the absorptive part. Therefore
the photon polarization function is an analytic
function of the photon longitudinal momentum
q2‖ except on the positive real axis. To obtain
the photon polarization function for an arbitrary
q2‖ , it suffices to know the function’s power-series
expansion in q2‖ at q
2
‖ = 0, because the ana-
lytic continuation can map the function from the
neighborhood of q2‖ = 0 to any value of q
2
‖. A
powerful way to perform this analytic continua-
tion is through the inverse Mellin transform[3,4].
With the inverse Mellin transform, one calcu-
lates the absorptive part of the photon polariza-
tion function with the knowledge of the above-
2mentioned power-series expansion. We note that
it is straightforward to obtain such a power se-
ries because the neighborhood of q2‖ = 0 is free
of resonant singularities caused by the creation of
electron-positron pairs. Knowing the absorptive
part, the dispersive part of the photon polariza-
tion at any q2‖ is calculable by the Kramers-Kronig
relation.
We organize this presentation as follows: In
Section 2, we illustrate the technique of inverse
Mellin transform using the vacuum QED as an
example. In Section 3, we apply this technique to
the photon polarization function in a background
magnetic field. A short conclusion is given in Sec-
tion 4.
2. VACUUM QED
The vacuum polarization tensor in QED is
written as
iΠµν(q) = (q2gµν − qµqν)iΠ(q2). (2)
We are interested in calculating the one-loop fi-
nite part Π¯(q2) = Π(q2)−Π(0). We observe that
Π¯(q2) satisfies the sum rule [3]:
1
n!
(
dn
d(q2)n
Π¯(q2)
)
q2=0
=
1
π
∫ ∞
M2
dq2ImΠ¯(q2)(q2)−(n+1), (3)
where M2 is the threshold energy for the absorp-
tive part ImΠ¯(q2). Although the value for M2
is not specified at this moment, the procedure of
analytic continuation will automatically generate
it. Let us rewrite the sum rule in dimensionless
variables:
1
n!
(
dn
dtn
Π¯(t)
)
t=0
=
1
π
∫ 1
0
duImΠ¯(u)un−1, (4)
where t = q2/M2 and u = 1/t. It is easily seen
that the derivatives of Π¯ at t = 0 is proportional
to the Mellin transform of ImΠ¯. Hence ImΠ¯ at
any value of t is obtainable by the inverse Mellin
transform:
ImΠ¯(u) =
1
2i
∫
C
ds a(s)u−s, (5)
where a(s) is the analytic continuation of a(n)
which appears in the power series expansion
Π¯(t) =
∞∑
n=0
a(n)tn. (6)
For the current case, a(n) is given by
a(n) = −
2α
π
Γ2(n+ 2)
nΓ(2n+ 4)
(
M2
m2e
)n
. (7)
Applying Eq. (5), we obtain
ImΠ¯(u) = −
α
3
√
1−
4m2e
M2
u
(
1 +
2m2e
M2
u
)
× Θ
(
1−
4m2e
M2
u
)
. (8)
We like to remark that, with u = 1/t =
M2/q2, ImΠ¯(u) is independent of the undeter-
mined threshold scale M2, and it agrees with the
known result obtained by applying the cutting
rules. Having obtained ImΠ¯(u), one can calcu-
late ReΠ¯(u) by the Kramers-Kronig relation.
3. QED IN A BACKGROUND MAG-
NETIC FIELD
The photon polarization function in a back-
ground magnetic field is given by the following
proper time representation[5,6]:
Πµν(q) = −
e3B
(4π)2
∫ ∞
0
ds
∫ +1
−1
dv ×
{e−isφ0 [TµνN0 − T‖,µνN‖ + T⊥,µνN⊥]
−e−ism
2
e(1− v2)Tµν}, (9)
where the photon momentum has been de-
composed into qµ‖ = (ω, 0, 0, qz) and q
µ
⊥ =
(0, qx, qy, 0); while Tµν = (q
2gµν − qµqν), T‖,µν =
(q2‖g‖µν − q‖µq‖ν), and T⊥,µν = (q
2
⊥g⊥µν −
q⊥µq⊥ν). The phase Φ0 and the functions N0,
N‖ and N⊥ are given by
φ0 = m
2
e −
1− v2
4
q2‖ −
cos(zv)− cos(z)
2z sin(z)
q2⊥ (10)
with z = eBs, and
N0 =
cos(zv)− v cot(z) sin(zv)
sin(z)
,
3N‖ = − cot(z)
(
1− v2 +
v sin(zv)
sin(z)
)
+
cos(zv)
sin(z)
,
N⊥ = −
cos(zv)
sin(z)
+
v cot(z) sin(zv)
sin(z)
+
2 (cos(zv)− cos(z))
sin3(z)
. (11)
The two independent eigenmodes of the above
polarization tensor are ǫµ‖ and ǫ
µ
⊥ which are re-
spectively parallel and perpendicular to the plane
spanned by the photon momentum q and the
magnetic field B. They obey the dispersion equa-
tions q2 + Π‖ = 0 and q
2 + Π⊥ = 0 respectively
with Π‖,⊥ = ǫ
µ
‖,⊥Πµνǫ
ν
‖,⊥. It turns out that Π‖
and Π⊥ are proportional to N‖ and N⊥ respec-
tively. We shall not discuss the contribution by
N0 since it does not correspond to an independent
eigenmode.
For simplicity, we shall only focus on the calcu-
lation of Π‖. In particular, we only illustrate the
procedure of calculating the partial contribution
ΠA‖ given by
ΠA‖ = −
αω2 sin2 θ
4π
∫ ∞
0
dz
∫ +1
−1
dv
× exp(−isφ0)
cos(zv)
sin(z)
, (12)
where the integrand cos(zv)/ sin(z) is taken from
the second term of N‖, and θ is the angle between
q and B.
The scalar function ΠA‖ is easy to calculate only
for q2‖ < 4m
2
e, since, in this momentum region, the
contour rotation s → −is is allowed[6]. The os-
cillating trigonometric functions are then rotated
into hyperbolic functions. Similar to the previous
section, one writes ΠA‖ as a power series in q
2
‖:
ΠA‖ = −
αω2 sin2 θ
4π
∞∑
n=0
a(n, q2⊥)
(
q2‖
4m2e
)n
. (13)
Following Eq. (5), we calculate ImΠA‖ by
ImΠA‖ (v) =
iαω2 sin2 θ
8π
∫
C
ds a(s, q2⊥)v
−s, (14)
with a(s, q2⊥) the analytic continuation of
a(n, q2⊥), and v = 4m
2
e/q
2
‖. We arrive at
ImΠA‖ =
2αeBω2 sin2 θ
q2‖
∞∑
l1=1,l2=0
Tl1,l2(q
2
⊥)
×
Θ(1− 4λeB
q2
‖
+ 4ρ
2e2B2
q4
‖
)√
1− 4λeB
q2
‖
+ 4ρ
2e2B2
q4
‖
, (15)
where λ = l1 + l2 +m
2
e/eB, ρ = l1 − l2, and the
step function indicates the threshold for creat-
ing an electron-positron pair occupying the l1-th
and l2-th Landau levels. The detailed form of
Tl1,l2(q
2
⊥) is given in Ref. [4]. With ImΠ
A
‖ deter-
mined, ReΠA‖ can once more be calculated by the
Kramers-Kronig relation.
4. CONCLUSION
In this talk, we have demonstrated the useful-
ness of analyticity for computing field theory am-
plitudes. We observed that a field theory ampli-
tude in the neighborhood of zero energy (momen-
tum) determines the amplitude at the arbitrary
energy (momentum). The latter can be calcu-
lated from the former by the inverse Mellin trans-
form and the Kramers-Kronig relation. We also
showed that such an approach is very appropriate
for a process occurring in a background magnetic
field, where an infinite number of thresholds oc-
cur in the amplitude of the process.
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